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Abstract
Warm inflation model with bulk viscous pressure in the context of ”intermediate inflation”
where the cosmological scale factor expands as a(t) = a0 exp(At
f), is studied. The
characteristics of this model in slow-roll approximation and in high dissipative regime are
presented in two cases: 1- Dissipative parameter Γ as a function of scalar field φ and bulk
viscous coefficient ζ as a function of energy density ρ. 2- Γ and ζ are constant parameters.
Scalar, tensor perturbations and spectral indices for this scenario are obtained. The
cosmological parameters appearing in the present model are constrained by recent
observational data (WMAP7).
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2I. INTRODUCTION
Big Bang model has many long-standing problems (horizon, flatness,...). These problems
are solved in a framework of inflationary universe models [1]. Scalar field as a source of infla-
tion provides a causal interpretation of the origin of the distribution of large scale structure,
and also observed anisotropy of cosmological microwave background (CMB) [2]. Standard
models for inflationary universe are divided into two regimes, slow-roll and reheating epochs.
In slow-roll period, kinetic energy remains small compared to potential term. In this period,
all interactions between scalar fields (inflatons) and other fields are neglected and as a result
the universe inflates. Subsequently, in reheating poch, the kinetic energy is comparable to
the potential energy that causes inflaton to begin an oscillation around minimum of the
potential while losing their energy to other fields present in the theory. After this period,
the universe is filled with radiation.
In warm inflationary models radiation production occurs during inflationary period and re-
heating is avoided [3]. Thermal fluctuations may be obtained during warm inflation. These
fluctuations could play a dominant role to produce initial fluctuations which are necessary
for Large-Scale Structure (LSS) formation. Density fluctuation arises from thermal rather
than quantum fluctuation [4]. Warm inflationary period ends when the universe stops inflat-
ing. After this period the universe enters in radiation phase smoothly [3]. Finally, remaining
inflatons or dominant radiation fields created the matter components of the universe. In
warm inflation models, for simplicity, the particles which are created by the inflaton decay
are considered as massless particles (or radiation). The existence of massive particles in the
inflationary fluid model as a new model of inflation has been considered in Ref.[5], perturba-
tion parameters of this model have been presented in Ref.[6]. In this scenario the existence
of massive particles may be altered the dynamics of the inflationary universe by modification
the fluid pressure. Decay of the massive particles within the fluid is an entropy-producing
scalar phenomenon, in other hand ”bulk viscous pressure” has entropy-producing property.
Therefore the decay of particles may be considered by a bulk viscous pressure Π = −3ζH
[7] where H is Hubble parameter and ζ is phenomenological coefficient of bulk viscosity.
This coefficient is positive-definite by the second law of thermodynamics and depends on
the energy density of the fluid.
In this work we would like to consider the warm inflationary universe with bulk viscous
3pressure in the particular scenario ”intermediate inflation” which is denoted by scale factor
a(t) = a0 exp(At
f ), 0 < f < 1 [8]. The expansion of this model is faster than power-law
inflation (a = tp; p > 1), but slower than standard de sitter inflation (a = exp(Ht)).
In term of string/M-theory [9], if the high order curvature corrections to Einstein-Hilbert
action are proportional to the Gauss-Bonnet(GB) term, we obtain a free-ghost action. The
GB term is the leading order of the α (inverse string tension) expansion to the low-energy
string effective action [10]. This kind of theory is applied for study of initial singularity
problem [11], black hole solutions [12] and the late time universe acceleration [13]. The
coupling of GB with dynamical dilatonic scalar field in 4D dark energy model leads to an
intermediate form for scale factor, where f = 1
2
, A = 2
8piGn
with a constant parameter ”n”
[9]. Intermediate inflation model may be derived from an effective theory at low dimensions
of a fundamental string theory. Therefore, the study of intermediate inflationary model is
motivated by string/M-theory [9]. In the other hand, It has been shown that, there are
eight possible asymptotic solutions for cosmological dynamics [14]. Three of these solu-
tions have non-inflationary scale factor and another three one’s of solutions give de Sitter
(with scale factor a(t) = a0 exp(H0t)), power-low (with scale factor a(t) = t
p, p > 1), in-
flationary expansions. Two cases of these solutions have asymptotic expansion with scale
factor(a = a0 exp(A(ln t)
λ), which is named ”logamediate inflation” and finally intermediate
inflation (a(t) = a0 exp(At
f), 0 < f < 1). The warm inflation with bulk viscous has been
studied in Refs. [5] and [6]. Intermediate scale factor has been used for non-viscous warm
inflation models [15]. To the best of our knowledge, the warm inflation model with viscous
pressure in the context of intermediate inflation has not been yet studied. In this paper we
will study warm inflationary universe model with bulk viscous pressure in the context of
intermediate inflation. The paper is organized as: In section II, we give a brief review about
warm inflationary universe model with bulk viscous pressure in high dissipative regime. In
section III, we consider high dissipative warm-intermediate inflationary phase in two cases:
1- Dissipative parameter Γ as a function of field φ and viscous coefficient ζ as a function
of energy density of the inflation fluid. 2- Constant dissipative parameters Γ and constant
viscous coefficient ζ . In this section we also, investigate the cosmological perturbations for
our model. Finally in section IV, we present a conclusion.
4II. THE MODEL
Warm inflation model in a spatially flat Friedmann Robertson Walker (FRW) universe
which is filled with a scalar field φ and an imperfect fluid is studied. Scalar field φ or inflaton
has energy density ρφ =
1
2
φ˙2 + V (φ). Imperfect fluid is a mixture of matter and radiation
with adiabatic index γ, energy density ρ = Ts(φ, T ) (T is the temperature and s is the
entropy density of the imperfect fluid [16].) and total pressure P +Π. Π = −3ζH is viscous
pressure[7], where ζ is phenomenological coefficient of bulk viscosity. Friedmann equation
of this model is
3H2 =
φ˙2
2
+ V (φ) + ρ (1)
where we choose c = ~ = 8πG = 1. Inflation field φ decays into the imperfect fluid with
rate Γ, so the conservation equation of fluid and inflaton field have these forms
ρ˙+ 3H(ρ+ P +Π) = ρ˙+ 3H(γρ+Π) = Γφ˙2 (2)
and
ρ˙φ + 3H(ρφ + Pφ) = −Γφ˙2 ⇒ φ¨+ (3H + Γ)φ˙ = −V ′ (3)
respectively. Where V ′ = dV
dφ
, P = (γ−1)ρ. Dissipation term denotes the inflaton decay into
the imperfect fluid in the inflationary epoch. We would like to express the evolution equation
(2) in terms of entropy density s(φ, T ). This parameter is defined by a thermodynamical
relation [16]
s(φ, T ) = − ∂f
∂T
= −∂V
∂T
. (4)
f is Helmholtz free energy which is defined by
f = ρT − Ts = 1
2
φ˙2 + V (φ) + ρ− Ts (5)
Free energy f is dominated by the thermodynamical potential V (φ, T ) in slow-roll limit.
The total energy density and total pressure are given by
ρT =
1
2
φ˙2 + V (φ) + Ts (6)
PT =
1
2
φ˙2 − V (φ) + (γ − 1)Ts+Π
5The viscous pressure for an expanding universe is negative (Π = −3ζH), therefore this term
acts to decrease the total pressure. Using Eq.(2), we can find the entropy density evolution
for our model as
T s˙+ 3H(γTs+Π) = Γφ˙2 (7)
In the above equation, it is assumed that T˙ is negligible. For a quasi-equilibrium high
temperature thermal bath as an inflationary fluid, we have γ = 4
3
. The bulk viscosity effects
may be read from above equation. Thus bulk viscous pressure Π as a negative quantity,
enhances the source of entropy density on the RHS of the evolution equation (7). Therefore,
energy density of radiation and entropy density increase by the bulk viscosity pressure Π
(see FIG.1 and FIG.2).
During the inflationary phase the energy density of inflation field φ is the order of the
potential, i.e. ρφ ∼ V (φ), and this energy density dominates over the energy of imperfect
fluid, i.e. ρφ > ρ, this limit is called stable regime [16]. So the Friedmann equation (1)
reduces to
3H2 = V (φ) (8)
In slow-roll limit, it is assumed that φ˙2 ≪ V (φ), and φ¨≪ (3H + Γ)φ˙ [17]. When the decay
of the inflaton to imperfect fluid is quasi-stable, we have ρ˙ ≪ 3H(γρ + Π), and ρ˙ ≪ Γφ˙2.
Therefore the equations (2) and (3) are reduced to
3H(1 + r)φ˙ = −V ′ (9)
and
ρ ≃ rφ˙
2 − Π
γ
(10)
where r = Γ
3H
. In the present work we will restrict our analysis in high dissipative regime,
i.e. r ≫ 1, where the dissipation coefficient Γ is much greater than 3H . The reason of this
choice is as following. In weak dissipative, i.e. r ≪ 1, the expansion of the universe in the
inflationary era disperses the decay of the inflaton. There is a little chance for interaction
between the sectors of the inflationary fluid, therefore we do not have non-negligible bulk
viscosity. Warm inflation in high and weak dissipative regimes for a model without bulk
viscous pressure have been studied in Refs. [3] and [17] respectively. Dissipation parameter
6Γ may be constant or a positive function of inflaton φ and temperature T by the second law
of thermodynamics. There are some specific forms for the dissipative coefficient, with the
most common which are found in the literatures being the Γ ∼ T 3 form [16],[18],[19],[20]. In
some works Γ and potential of the inflaton have the same form [21]. In Ref.[6], perturbation
parameters for warm inflationary model with viscous pressure have obtained where Γ =
Γ(φ) = V (φ) and Γ = Γ0 = const. In this work we will study the intermediate warm
inflation with viscous pressure in high dissipative regime for these two cases.
Slow-roll parameters ǫ and η in high dissipative regime are given by [6]
ǫ ≡ − H˙
H2
=
1
2r
[
V ′
V
]2 (11)
and
η ≡ − H¨
HH˙
=
1
r
[
V ′′
V
− 1
2
(
V ′
V
)2] (12)
respectively. We consider potentials of the form [22]
V = V0φ
n (13)
where V0 is a constant. We restrict the model in the region φ > 0 where the above potential
is positive for all n. The slow-roll condition (η, ǫ≪ 1), are satisfied when φ2 is much greater
than n
2
r
. Therefore these potentials are classified as ”large field” models [23].
By using Eqs.(9), (10) and (11) in slow-roll limit, a relation between the energy densities
ρφ and ρ is obtained as
ρ =
1
γ
[
2
3
ǫρφ −Π] (14)
Using inflation condition, i.e. a¨ > 1, or equivalently ǫ < 1, and above equation, warm
inflation epoch with viscose pressure could take place when
ρφ >
3
2
[γρ+Π] (15)
Our warm inflation model comes to close when ρφ ≃ 32 [γρ + Π]. The number of e-folds in
high dissipative regime is given by
N(φ) = −
∫ φf
φi
r
V
V ′
dφ (16)
where φi and φf are inflaton at the begining and end of inflation, respectively.
7III. INTERMEDIATE INFLATION
In this section we will study high dissipative warm inflation with viscous pressure in the
context of intermediate inflation. The scale factor of intermediate inflation follows the law
a(t) = a0 exp(At
f), 0 < f < 1 (17)
where A is a positive constant with unit mfp . We consider our model in two cases [6]: 1- Γ is
a function of scalar field φ and ζ is a function of energy density ρ. 2- Γ and ζ are constant
parameters.
A. Γ = Γ(φ) = V (φ), ζ = ζ(ρ) = ζ1ρ case
By using Eqs.(8) and (9) in this case, we get the scalar field φ, Hubble parameter H(φ)
and potential V (φ) as
φ = 2
√
2(1− f)t (18)
H(φ) = fA(
φ
2
√
2(1− f))
2f−2 (19)
and the potential in this case has form (13), where
n = 4f − 4 V0 = 3(fA)2(2
√
2(1− f))−n (20)
Energy density ρ is obtained from Eq.(10) as
ρ =
2fA(1− f)[ φ
2
√
2(1−f)
]2f−4
γ − 3ζ1fA[ φ
2
√
2(1−f)
]2f−2
(21)
Bulk viscous relation only holds for small deviations from equilibrium, so we consider this
limitation as
| Π |≪ ρ (22)
From two above equations the region of φ is presented by
φ
2
√
2(1− f) ≫ (3fAζ1)
1
2(1−f) (23)
8The entropy density in terms of inflaton field φ may be obtained from above equation
Ts =
2fA(1− f)[ φ
2
√
2(1−f)
]2f−4
γ − 3ζ1fA[ φ
2
√
2(1−f)
]2f−2
(24)
In FIG.1, we plot the entropy density in terms of scalar field. Using Eq.(11) slow-roll
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FIG. 1: We plot the entropy density s in terms of inflaton φ where, Π = 0 by dashed curve and
Π = −3ζ1ρH by blue curve (T = 5.47 × 10−5, f = 12 , γ = 1.5, A = 5.01 × 108, ζ1 = 0.2× 10−8)
parameter ǫ in terms of inflaton φ is given by
ǫ =
1− f
fA
(
φ
2
√
2(1− f))
−2f (25)
Likewise, using (12) the slow-roll parameter η has this form
η =
3− 2f
2fA
(
φ
2
√
2(1− f))
−2f (26)
The inflation condition a¨ > 0 (or equivalently ǫ < 1) for this example is satisfied when
φ2 > 8(1− f)(1− f
fA
)
1
f (27)
From equation (16), the number of e-folds between initial and final fields φi and φf is
N(φ) = A([
φf
2
√
2(1− f) ]
2f − [ φi
2
√
2(1− f)]
2f ) (28)
9We find φi at the begining of inflation (when ǫ ≃ 1)
φi = 2
√
2(1− f)(1− f
fA
)
1
2f (29)
So, we could find the value of φf in terms of N , A and f as
φf = 2
√
2(1− f)[N
A
+
1− f
fA
]
1
2f (30)
Now, we study the scalar and tensor perturbation spectrums for our model in this case
(Γ = V, ζ = ζ1ρ). The power-spectrum of the curvature perturbation have the form [6]
PR =
1
2π2
exp(−2ℑ(φ))[ Tr
ǫ
√
rV 3
] (31)
The amplitude of tensor perturbation which could produce gravitational waves during
inflation is given by
A2g = 2(
H
2π
)2 coth[
k
2T
] ≃ f
2A2
2π2
(
φ
2
√
2(1− f))
4f−4 coth[
k
2T
] (32)
In the above equations the temperature of thermal background of gravitational wave has
found in extra factor coth[ k
2T
] and
ℑ(φ) = −
∫
{ Γ
′
3Hr
+
3
8
[1− ((γ − 1) + Π
ζ
dζ
dρ
)
Γ′V ′
9γrH2
]
V ′
V
}dφ (33)
= −11
2
(1− f) ln(φ) + α[ φ− φ0
2
√
2(1− f) ]
2f−4
+β(
φ
2
√
2(1− f))
4f−6
where α = 12(γ−1)(1−f)
2fA
(2−f)γ and β = −18ζ1(1−f)
2
γ(3−2f) . From Eqs.(31) and (32) in high dissipative
regime the tensor-to-scalar ratio is given by
R(k0) = (
A2g
PR
)|k=k0 =
2
3
[
ǫ
√
rV 5
Tr
] exp(2ℑ(φ)) coth[ k
2T
]|k=k0 (34)
Using seven-year Wilkinson microwave anisotropy probe (WMAP7) observational data
we find an upper bound for R = 0.21 < 0.36 [2]. Spectral indices ng and ns in the present
case are
ng =
d
d ln k
ln[
A2g
coth[ k
2T
]
] = −2ǫ = 2(f − 1)
fA
(
φ
2
√
2(1− f))
−2f (35)
10
and
ns = 1− 4
25
d lnPR
d ln k
≈ 1− [ǫ+ 2η +
√
2ǫ
r
[2ℑ′(φ)− r
′
2r
]] (36)
≃ 1− (2η − 5ǫ) = 1− 3f − 2
fA
(
φ
2
√
2(1− f))
−2f
where d ln k(φ) = −dN(φ). Since 0 < f < 1 we obviously see that the Harrison-Zeldovich
spectrum (i.e. ns = 1) occurs for f =
2
3
which agrees with and non-viscous inflation models
[8], [24], [25]. ns > 1 is equivalent to f <
2
3
and ns < 1 is equivalent to f >
2
3
. Using the
limitation of φ (23) in this case, which is given by the condition (22), and using Eq.(36),
we could find nearly scale invariant spectrum (n ≃ 1) for all f, which agrees with WMAP7
observational data [2]. Running of the scalar spectral index is an important cosmological
parameter which may be obtained by WMAP7 data
αs =
dns
d ln k
= −dns
dφ
dφ
dN(φ)
= −
√
2ǫ
r
[ǫ′ + 2η′] (37)
− ǫ
r
[(
ǫ′
ǫ
− r
′
r
)[2ℑ′ − r
′
2r
] + [4ℑ′′ − (ln r)′′]]
≃ 2− 3f
2
√
2(1− f)
V ′
rV
(
φ
2
√
2(1− f))
−2f−1
In term of WMAP7 results αs is approximately −0.038 [2]. In the next subsection we
will consider the specific case in which the dissipative parameter Γ and coefficient of bulk
viscosity ζ are constant parameters.
B. Γ = Γ0, ζ = ζ0 case
Where Γ = Γ0 and ζ = ζ0 and by using Eqs.(8) and (9) we get
φ = ̟tf−
1
2 (38)
where ̟ = 2fA
2f−1
√
6(1−f)
Γ0
. The effective potential and Hubble parameters in this case are
obtained as
H = fA(
φ
̟
)
2f−2
2f−1 (39)
and the potential in this case has form (13), where
n =
4f − 4
2f − 1 V0 = 3f
2A2(̟)−n (40)
11
Viscous pressure Π and energy density ρ are obtained from Eqs.(9), (10) and (39)
Π = −3ζH = −3fAζ0( φ
̟
)
2f−2
2f−1 (41)
ρ =
fA
γ
[2(1− f)( φ
̟
)
2f−4
2f−1 + 3ζ0(
φ
̟
)
2f−2
2f−1 ]
Using the above equation and Eq.(22) we could constrain the scalar field φ, as:
f <
1
2
⇒ φ≫ ̟(ζ0(γ − 1)
2(1− f) )
1−2f
2 (42)
f >
1
2
⇒ φ≪ ̟(ζ0(γ − 1)
2(1− f) )
1−2f
2
We can find the entropy density s in terms of scalar field
Ts =
fA
γ
[2(1− f)( φ
̟
)
2f−4
2f−1 + 3ζ0(
φ
̟
)
2f−2
2f−1 ] (43)
The entropy density and energy density in term of our model in this case increase by the
bulk viscosity effect (see FIG.2). Using Eqs.(11) and (12) the slow-roll parameters ǫ and η
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FIG. 2: We plot the entropy density s in terms of inflaton φ where, Π = 0 by dashed curve and
Π = −3ζ0H by blue curve (T = 5.47 × 10−5, f = 34 , γ = 1.5, A = 2× 108, ζ0 = 1,Γ0 = 5.4 × 1017)
in term of scalar field φ are
ǫ ≃ 1− f
fA
(
φ
̟
)
−2f
2f−1 (44)
η ≃ 1
2fA
(
φ
̟
)
−2f
2f−1
12
respectively. The inflation condition a¨ > 0 (or equivalently ǫ < 1) for this case is satisfied
when
φ2 > ̟(
1− f
fA
)
2f−1
2f
From Eq.(16) the number of e-folds is found
N = A[(
φf
̟
)
2f
2f−1 − (φi
̟
)
2f
2f−1 ] (45)
At the begining of the inflation period (ǫ ≃ 1) φi = ̟(1−ffA )
2f−1
2f , so the scalar field φf at the
end of inflation in term of the number of e-folds becomes
φf = ̟(
N
A
+
1− f
fA
)
2f−1
2f (46)
In the following we will find the perturbation parameters in terms of scalar field. From
Eq.(33) we have
ℑ(φ) = −3
8
ln(V (φ)) (47)
The spectrum of the curvature perturbation in slow-roll limit in this case (Γ = Γ0, ζ = ζ0),
from above equation and equation (31), has the form
PR ≈ B( φ
̟
)
2
2f−1 (48)
where B = Tr
2pi2(1−f)
√
Γ0
√
3
. This parameter is found from WMAP7 results (PR = 2.28 ×
10−9)[2]. Using Eq.(32) and (47) the amplitude of tensor perturbation becomes
A2g =
f 2A2
2π2
(
φ
̟
)
4f−4
2f−1 coth[
k
2T
] (49)
From Eq.(35) the spectral index ns is given by
ns = 1− 2
fA
(
φ
̟
)
−2f
2f−1 (50)
For intermediate inflation where 0 < f < 1, the scalar index ns for this example becomes
ns < 1. By using the limitation (42) and above equation, we could obtain nearly scale
invariant spectrum (n ≃ 1) for f > 1
2
. Using Eqs.(45) and (46) we can re-express the above
index in terms of number of e-folding
ns = 1− 2
1 + f(N − 1) (51)
13
and from above equation we find the value of f in terms of N and ns as
f =
1 + ns
(1 + ns)(N − 1) (52)
Using WMAP7 observational data ns ≃ 0.96 and N = 60 as a standard benchmark we
obtain f ≃ 0.83. This amount of f is also in the region f > 1
2
. From Eq.(36) the spectral
index ng becomes
ng =
2(f − 1)
fA
(
φ
̟
)
−2f
2f−1 (53)
We could find the tensor-scalar ratio as
R =
(1− f)
√√
3Γ0f
2A2
Tr
(
φ
̟
)
4f−6
2f−1 coth[
k
2T
] (54)
=
(1− f)
√
Γ0
√
3f 2A2
Tr
coth[
k
2T
][
2
fA(1− ns) ]
4f−6
2f−1
In FIG.3, the dependence of the tensor-to-scalar ratio on the spectrum index is shown.
Three different values for parameter Γ0 have been used in this figure, when the value f =
3
4
is taken. We note that for different values of Γ0 which are bounded from below, Γ0 > 0.275
our model is well supported by WMAP data.
0.90 0.92 0.94 0.96 0.98 1.00 1.02
0.0
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0.4
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0.8
1.0
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R
FIG. 3: We plot the evolution of the tensor-scalar ratio r versus spectrum index ns, for three
cases: 1- Γ0 = 0.275 by green line, 2- Γ = 27.5 by red dashed line, 3- Γ0 = 2.75 × 104 by black
dashed line.(f = 34 , A = 1, T = Tr = 5.47 × 10−5, k = 0.002Mpc−1)
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Running of the scalar spectral index is obtained from Eq.(37)
αs =
dns
d ln k
= −dns
dφ
dφ
dN
= − 4f
r(2f − 1)̟
V ′
rV
(
φ
̟
)
−4f+1
2f−1 (55)
This parameter may be found from WMAP7 observational data [2]. Using WMAP7 data,
PR(k0) =≃ 2.28 × 10−9, R(k0) ≃ 0.21 and the characteristic of warm inflation T > H [17],
we may restrict the values of temperature to Tr > 5.47 × 10−5M4 using Eqs.(48), (54),
(see FIG.4). We have chosen k0 = 0.002Mpc
−1 and T ≃ Tr. Note that, because of the
bulk viscous pressure, the radiation energy density in our model increases. Therefore the
minimum value of temperature for our model (5.47× 10−5M4) is bigger than the minimum
value of temperature (3.42 × 10−6M4 ) for the model without the viscous pressure effects
[26].
IV. CONCLUSION
In this article we have investigated the warm-intermediate inflationary model with viscous
pressure. We have studied this scenario in two different cases of the dissipative coefficient Γ
and bulk viscous coefficient ζ . Our model have been described for Γ = Γ0 = const, ζ = ζ0
and for Γ as a function of field φ, i.e. Γ = f(φ) = V (φ), ζ as a function of energy density
ρ. For these two cases we have extracted the form of potential and Hubble parameters as
a function of scalar field φ. In Γ = f(φ) = V (φ) case, we introduced scalar field potential
as V (φ) ∝ φ4(f−1), 0 < f < 1, but in non-viscous inflation potential has the form φ−4 1−ff .
In this case, it is possible in the slow-roll approximation to have the Harrison-Zeldovich
spectrum of density perturbation (i.e. ns = 1 ), provided f takes the value of
2
3
which
agrees with regular inflation model with a canonical scalar field characterized by a quasi-
exponential expansion. Explicit expressions for tensor-scalar ratio R, spectrum indices ng
and ns, running of the scalar spectral index αs in slow-roll were obtained. We also have
constrained these parameters by WMAP7 results.
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